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The acoustoelastic technique for the nondestructive evaluation of 
stress is based on the stress-induced changes in the speed of wave 
propagation. In the application of acoustoelasticity. three different 
approaches have been adopted. For the sake of discussion. we will 
consider the case of a plane state of stress in an initially isotropic 
material. The most common technique uses shear waves propagating normal 
to the plane of stress [1.2]. This technique takes advantage of the 
stress-induced birefringence of the shear waves which. in the case 
considered. is proportional to the difference in the principal stresses. 
Another technique which is currently receiving considerable attention 
involves two shear-horizontal (SH) waves propagating in the principal 
stress directions. with their polarizations in the other principal 
direction [3-5]. In this approach. the difference in the speeds of the 
two SH waves can be related to the difference in principal stresses 
directly. Knowledge of the material's elastic or acoustoelastic 
constants is not required. The final approach uses a single longitudinal 
wave propagating perpendicular to the plane of stress. with the change in 
the speed of this wave being proportional to the sum of the principal 
stresses [6.7]. 
The application of each of these techniques has been limited by 
various experimental difficulties. The birefringence and SH wave 
techniques have limited spatial resolution because of the problem of 
launching the shear waves with the proper polarization into the material. 
In the birefringence technique. both piezoelectric and electromagnetic 
acoustic transducers (EMATs) have been used. Piezoelectric transducers 
have the potential for better spatial resolution. but are more difficult 
to move from point to point. This difficulty arises from the requirement 
that the transducer be in direct contact with a viscous couplant or the 
sample itself. Thus. the number of data points that can be taken in 
determining the stress in a part is limited. EMATs are easier to scan. 
but current designs limit the spatial resolution. In the SH wave 
technique. only EMATs "have been successfully applied. and again the 
problem in measuring the stress in a sample is that of limited spatial 
resolution. Longitudinal waves. on the other hand. are easily scanned 
and offer good spatial resolution. particularly if focussing is employed. 
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Unfortunately. the stress information immediately available from the 
longitudinal method is rather limited. This paper presents a method for 
manipulating the ultrasonic data from a complete longitudinal wave scan 
of a body subject to a plane state of residual stress in such a way that 
complete state of stress can be evaluated at each scan point. The basic 
theory is presented and discussed. and a numerical implementation of the 
pertinent equations is demonstrated for an ideal stress state similar to 
that found in a quenched rod. The assumed input is then corrupted by 
noise to examine the robustness of the algorithm in the presence of such 
noise. Finally. we discuss the prospects for applying this technique to 
evaluate actual residual stresses in light of several potential 
difficulties. 
THEORY 
Let us begin by considering a material subject to a state of plane 
stress. but which is isotropic in its stress free condition. Let xi 
denote the coordinates of a point in the deformed body. and let Tij be 
the (residual) Cauchy stress at that point. The state of stress is taken 
to be such that Ti3 = 0 for i=1.2.3. Consider a longitudinal wave 
propagating through the body in the x3 direction. In the unstressed 
body. this wave is taken to propagate with speed Vo. while in the 
presence of the stress the propagation speed is V. The acoustoelastic 
response for this wave relates the change in velocity to the sum of the 
in-plane normal stresses as 
where A is the acoustoelastic constant for longitudinal waves and we 
have introduced S as the sum of the normal stresses 
S = Tll + T22 
(1) 
(2) 
In the development of the desired results. let us assume that Vo and 
A are known. and that sufficiently precise measurements of V are 
available for the entire sample. (In practice the relative velocity 
change from some reference point would usually be known. but as will be 
shown later. this relative change is sufficient for our purposes.) In 
light of Eq. (1). the above assumption that V is known throughout the 
body means that the sum of stresses S is known everywhere. Given only 
this information. we seek to evaluate the complete state of stress (T11' 
T12 and T22) everywhere in the body. 
Assuming that the body forces are zero. the equations of equilibrium 
for the residual stresses are 
T11'1 + T12'2 = 0 
T12'1 + T22'2 0 
(3) 
(4) 
where comma denotes partial differentiation with respect to the indicated 
coordinate. If we differentiate Eq. (3) with respect to x2 and Eq. (4) 
with respect to Xl and add the results. we find that 
(5) 
where Vf2 is the Laplace operator in 2-dimensions. Equation (5) is a 
Poisson s equation for the shear stress T12' Our assumption that the sum 
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of the normal stresses is known everywhere means that the right-hand-side 
of Eq. (5) is known. Further, it means that the boundary conditions for 
T12 are known (see next paragraph). Thus, Eq. (5) along with the 
boundary conditions form a well posed problem which can be integrated for 
T12. Once T12 is known, Eqs. (3) and (4) can be integrated to obtain the 
normal stresses T11 and T22. 
Knowledge of the sum of the normal stresses on the boundary is 
sufficient to determine the state of stress there. This stems from the 
fact that the sum involved is invariant under coordinate rotations and 
that there can be only one nonzero stress component at the "stress-free" 
boundary. Consider a smooth boundary, and let the components Ttt , Tnn , 
and Ttn denote the stresses referred to normal and tangential coordinates 
at the boundary. If the boundary is stress-free, then Tnn = Tnt = 0, and 
Ttt = S is the only nonvanishing stress component. With the complete 
stress state known at the boundary, the shear stress T12 can be 
evaluated. 
Equation (5) bears a strong resemb1ence to one of the stress 
compatibility equations in the 3-dimensiona1 theory of elasticity. 
The particular compatibility equation under discussion has the form 
(6) 
where II 32 is the Laplace operator in 3-dimensions. If the stress in the 
x3 direction is taken to be zero, then this equation differs from Eq. (5) 
by the factor 1/(1 + \) and the presence of the derivative with respect 
to x3. Thus, if both Eqs. (5) and (6) are to be valid for the plane 
state of stress, then 
(7) 
The nonvanishing stresses must in general be functions of x3. For a more 
detailed discussion of the approximations associated with the plane 
stress assumption, see Section 98 in Ref. [8]. 
NUMERICAL IMPLEMENTATION 
We have chosen to solve Eq. (5) using a finite difference scheme, and 
have selected as a test problem the case of a solid circular rod subject 
to residual stresses resulting from a quenching operation. The stress 
state which we simulate in testing the algorithm is axially symmetric in 
polar (r-S) coordinates. Thus, TrS = 0 throughout. Also, Trr and Tee 
are taken to be motonica11y decreasing functions of r. The center of the 
rod is in a state of biaxial tension (Trr = Tee)' while the outer layer 
of the rod is in circumferential compression lTrr = 0, Tee < 0). The 
stresses in polar coordinates predicted by Hitter, et a1. [9] for an 
iron rod 50 mm in diameter and 300 mm in length were fit with cubic 
functions of r. The axial stresses were taken to be zero for the 
evaluation of the numerical scheme. The sum of the normal stresses was 
then used as input to the finite difference program, and the shear stress 
T12 was calculated on the basis of Eq. (5). Finally, the normal stresses 
were evaluated from Eqs. (3) and (4). 
The program developed for this task was first run using the exact 
values for the sum of the normal stresses as input. By successively 
refining the mesh, we are able to reduce the error between the computed 
and the exact stresses to as small a value as desired. We then 
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introduced noise into the input data by allowing each input value to vary 
by as much as ±10% of its actual value, with the actual variation chosen 
by a random selection from the possible range. The results of such a 
test for a grid spacing of 2.1 mm in the radial direction and 10° in the 
circumferential direction are shown in Fig. 1 for T12 and Fig. 2 for TIl' 
We note that the axial symmetry of the problem indicates that the 
corresponding plot for T22 would be a 90° rotation of Fig. 2. The 
results shown in these figures demonstrate that the calculated stresses 
exhibit roughly the same relative error as is exhibited by the input 
data, except in the center of the rod where the shear stress is small. 
Our present alogrithm also tends to exaggerate the error in TIl along the 
Xl axis. We are currently working to correct this numerical problem. 
Let us now show that we can obtain the same results even if the 
initial velocity Vo is not precisely known. Most of the systems involved 
in making measurements of wave speeds are better at making relative 
measurements of velocity change than in evaluating the absolute wave 
speed [10,11]. Let yeO) be the velocity at an arbitrary point of the 
body, and V(xa ), a=1,2, be the velocity at any other point. The velocity 
yeO) is taken to be known only approximately, but the difference between 
V(xa ) and yeO) is taken to be known with much better precision. As a 
result of a scan of the part, we assume that the relative velocity 
difference ~, where 
~ = Y1!a) - yeo) , 
yeo) 
(8) 
is known everywhere. Assuming that all of the velocities are near the 
initial velocity Va' we can approximate by 
~ = V(xa ) - yeO) 
Vo 
(9) 
By adding and subtracting Vo to the numerator of Eq. (9), we can take 
advantage of Eq. (1) to write 
(10) 
Now, since Tij is a residual stress, the integral of S over the entire 
area of the body must vanish, 
a , (11) 
where do is the element of area on the scanned surface of the sample. 
Integrating Eq. (10) over the area and using Eq.(ll) gives the relation 
between the integral of and the unknown stress sum S(O), 
f ~ do = - A s(o) E, 
where E is the area of the sample's surface. 
stress at the point xa is 
S(O) + ~/A 
(12) 
Thus, with S(O) known, the 
(13) 
This stress sum may then be used in the right-hand-side of Eq. (5) to 









Figure 1. Contours of shear stress T12 in a quenched iron rod; exact 
values (dashed lines) and with input corrupted by 10% noise 






Figure 2. Contours of normal stress TIl in a quenched iron rod; exact 
values (dashed lines) and with input corrupted by 10% noise 
(solid lines). Contour levels given in MPa. 
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POSSIBLE DIFFICULTIES 
The analysis presented above depends upon several key assumptions. 
The material is assumed to be homogeneous and isotropic, even though it 
is well known that the metals usually involved in acoustoelastic work 
exhibit texture. It is assumed that velocity data can be taken over the 
entire sample, including the edges where the finite size of the 
transducers will make accurate measurements difficult. The extent 
to which these assumptions are violated will influence the utility of 
this technique. An initial evaluation of some of these effects is given 
below. 
The problems presented by possible material inhomogeneity are common 
to both the birefringence and longitudinal wave techniques. The 
difficulty is that a small shift in the velocity in the unstressed 
material from one point to another may overwhelm the change in velocity 
due to the stress. If one does not have access to the unstressed 
material, or cannot obtain a sample of similar material, little can be 
done to avoid this problem. These two techniques are not likely to be 
useful in materials exhibiting substantial macroscopic inhomogeneity. 
The presence of anisotropy is a problem common to all of the 
techniques, though it is more severe in the birefringence technique. In 
the longitudinal technique, the effect of anisotropy comes in through the 
variation in the acoustoelastic constant with the orientation of the 
stress. The work of Johnson and Mase [12] indicates that the analog of 
Eq. (1) for an anisotropic material is 
where, in general A1 1 A2. Alternatively, Eq.(13) can be written in 
terms of the sum and difference of the stresses as 
where 




The important questions are: How much does B differ from zero? How 
much does the presence of a nonzero E affect the errors of a solution 
which assumes that it is zero? Can a similar technique be developed 
which takes Eq. (14) into account? 
It is of interest to note that the presence of anisotropy in the 
material's second-order elastic constants does not influence the validity 
of Eq. (5). Only the anisotropy of the acoustoelastic response comes 
into the evaluation. Thus, if a material is "slightly anisotropic" in 
the usual sense that it exhibits a small degree of anisotropy in its 
unstressed velocities, but is isotropic in its higher-order (acousto-
elastic) response, then the analysis presented here is still valid. 
There is limited data on the anisotropy of the acoustoelastic 
constants of materials, however, Springer and Johnson [13] have 
calculated the complete set of second- and third-order elastic constants 
of an aluminum alloy exhibiting texture. In the process of evaluating 
these constants, the acoustoelastic constants A1 and A2 were measured for 
various directions of wave propagation. Most applicable are the results 
for waves propagating in the plate normal direction, which show that 
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13.2 TPa- 1 • (17) 
This corresponds to 
A = 15.0 TPa_1 ' B = 1.8 TPa- 1 • (18) 
Thus, in this case B is only 12% of A, indicating that an assumption of 
slight anisotropy might be reasonable. This may not always be the case, 
however, as the data in [13] also shows that for longitudinal waves 
propagating in the plate's rolling direction, B is nearly 25% of 1[. 
The problem of measuring the velocity at the edge of a sample is 
again one which is common to all of the techniques. In the longitudinal 
technique, however, these measurements are crucial to providing the 
boundary conditions for the Poisson's equation. One possible solution to 
this problem is to use focussed transducers, as is done in traditional 
ultrasonic scanning. An alternative would be to extrapolate the data in 
the interior of the sample out to the edge. However, extrapolation in 
general is risky, with no assurance that the values obtained will be 
reasonable. 
CONCLUSIONS 
Despite the potential difficulties discussed in the previous section, 
the technique outlined in this paper appears to offer hope of accurately 
evaluating the complete state of residual stress in a planar specimen. 
Work is currently under way to experimentally demonstrate the utility of 
this approach. 
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